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The PUMPING LEMMA and 
REGULAR EXPRESSIONS
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SOME LANGUAGES ARE 
NOT REGULAR

B = {0n1n | n ≥ 0} is NOT regular!
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WHICH OF THESE ARE REGULAR

C  = { w | w has equal number of 1s and 0s}

D  = { w | w has equal number of 
occurrences of 01 and 10}

NOT REGULAR

REGULAR!!!

Because ⇒ Next Slide
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Each “01” marks a transition from 0 to 1; each “10” 
marks a transition from 1 to 0.
By concatenation, transitions alternate such as 
…01…10…01…10…, etc.

Therefore, the counts of 01 and 10 are either equal 
or differ by exactly 1, depending only on the 
endpoints:

If the first and last bits are the same (both 0 or both 
1), then #01 = #10.
If they differ, then |#01 − #10| = 1

w ∈ L if and only if w is empty or its first and last 
symbols are the same.
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THE PUMPING LEMMA

Let L be a regular language with |L| = ∞

Then there exists a positive integer P 
such that 

1.  |y| > 0
2.  |xy| ≤ P
3.  xyiz ∈ L for any i ≥ 0

if  w ∈ L and |w| ≥ P
 then w = xyz, where:
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Let P be the number of states in M

Assume w ∈ L is such that |w| ≥ P 

q0 qi qj q|w|

…

There must be j > i such that qi = qj

Let M be a DFA that recognizes L

1.  |y| > 0
2.  |xy| ≤ P
3.  xyiz ∈ L for any i ≥ 0

We show w = xyz

x



8

Use the pumping lemma to prove that 
C = { w | w has an equal number of 0s and 1s} 
is not regular 

Hint: Try pumping s = 0P1P

If C is regular, s can be split into s = xyz, 
where for any i ≥ 0, xyiz is also in C 
and |xy| ≤ P
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USING THE PUMPING LEMMA
Use the pumping lemma to prove that 

B = {0n1n | n ≥ 0} is not regular 

Hint: Assume B is regular
 
Let B = L(M), for DFA M,
and let P be larger than the 
number of states in M 

Try pumping s = 0P1P
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USING THE PUMPING LEMMA
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REGULAR EXPRESSIONS
σ is a regular expression representing {σ}

ε is a regular expression representing {ε}

∅ is a regular expression representing ∅

If R1 and R2 are regular expressions 
representing L1 and L2 then:

(R1R2) represents L1⋅L2 
(R1 ∪ R2) represents L1 ∪ L2 
(R1)* represents L1*
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PRECEDENCE

Tightest Star (“*”)
 Concatenation (“.”, “”)
Loosest Union (“∪”, “+”, “|”)
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R2R1*(

EXAMPLE

R1*R2 ∪ R3  = ( ) )∪ R3
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{ w | w has exactly a single 1 } 

0*10*
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What language does 
∅* represent?

{ε}
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{ w | w has length ≥ 3 and its 3rd symbol is 0 } 

000(0∪1)* ∪ 010(0∪1)* ∪ 
100(0∪1)* ∪ 110(0∪1)* 

= (0∪1)(0∪1)0(0∪1)*
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{ w | every odd position of w is a 1 } 

1((0∪1)1)*(0∪1∪ε) ∪ ε 

Also

(1(0∪1))*(1∪ε) 
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EQUIVALENCE
L can be represented by a regexp

⇔
L is a regular language
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L can be represented by a regexp
⇒

L is a regular language

Given regular expression R, we show there 
exists NFA N such that R represents L(N)

Induction on the length of R:
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Given regular expression R, we show there 
exists NFA N such that R represents L(N)

Induction on the length of R:
Base Cases (R has length 1):

R = σ
(matches a single symbol)

σ

R = ε
(matches the empty string)

R = ∅
(matches nothing)
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Inductive Step:
Assume R has length k > 1 and that any regular 
expression of length < k represents a language 
that can be recognized by an NFA

Three possibilities for R:

R = R1 ∪ R2

R = R1 R2

R = (R1)*

(Union Theorem!)
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L can be represented by a regexp
⇒

L is a regular language

Have Shown
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L can be represented by a regexp
⇒

L is a regular language
⇐
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Cartesian Product of  two  DAFs
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NFA
ε
ε

ε

ε

ε

Add unique and distinct start and accept states
While machine has more than 2 states:
Pick an internal state, rip it out and 
re-label the arrows with regexps, 
to account for the missing state

0

1

0
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NFA
ε
ε

ε

ε

ε

While machine has more than 2 states:
Pick an internal state, rip it out and 
re-label the arrows with regexps, 
to account for the missing state

01*0
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q1
b

a

ε q2

a,b

εq0 q3

R(q0,q3) = (a*b)(a∪b)* 



31

q2

a,b

εa*bq0 q3

R(q0,q3) = (a*b)(a∪b)* 



32

(a*b)(a∪b)*q0 q3

R(q0,q3) = (a*b)(a∪b)* 
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