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Describing Languages
● We've seen two models for the regular languages:

●

●

● Finite automata recognize strings in the language.
●

● Re g u la r  e xp r e s s ion s  match  s t r in g s  in  t h e  la n g u a g e .
●

Finite automata a cce p t p r e c is e ly th e s t r in g s  in  t h e  
la n g u a g e .

R egular  expressions  d e s c r ib e p r e c is e ly th e  s t r in g s  
in th e  la n g u a g e .

Perform a computation to determine whether a 
s p e c ific  s t r in g  is in th e  la n g u a g e .

Describe t h e  g e n e r a l s h a p e of a ll s t r in g s in th e  
la n g u a g e .



Context-Free Grammars

A context -free grammar  (or  CFG ) is  a n  

e n t ir e ly d iffe r e n t  for m a lism  for  d e fin in g  a  
c la s s  of la n g u a g e s .

 Goa l: Give  a  p r oce d u r e  for  lis t in g  off a ll 
strings in  t h e  la n g u a g e .

CF Gs  a r e  b e s t  e xp la in e d  b y e xa m p le ...



Arithmetic Expressions



Context -F r e e  Gr a m m a r s
● For m a lly, a  con te xt -fr e e  g r a m m a r

is  a  colle c t ion  of fou r  ob je c t s :
●

●

●

●

A se t  of nonterminalsymbols
(a lso ca lle d  variables ),

A s e t  of terminal symbols  (t h e  
alphabet  of t h e  CF G)

A se t  of production rules  s a yin g  
h ow  e a ch  n on t e r m in a l ca n  b e  
r e p la ce d  b y a  s t r in g  of t e r m in a ls  
a n d  n on t e r m in a ls , a n d

A start symbol  (w h ich  m u s t  b e  a  
n on t e r m in a l) t h a t  b e g in s  t h e  
d e r iva t ion .

E  → int
E  → E  OpE
E  → ( E)
Op  → 

Op  → 

Op  → 

Op  → 

+

-

*

/



Some CFG Notation
● Ca p it a lle t t e r s  in  BoldRedUppercase  

w ill r e p r e s e n t  n on t e r m in a ls .
● i.e . A , B , C , D

● Low e r ca se  le t t e r s  in  
r e p r e se n t  t e r m in a ls .

blue monospace  willl 

● i.e . t , u , v , w
● Low e r ca s e  Gr e e k  le t t e r s  in  gray italics  

w ill r e p r e s e n t  a r b it r a r y s t r in g s  of 
t e r m in a ls  a n d  n on t e r m in a ls .

● i.e . α , γ , ω



A Notational Shorthand



A Notational Shorthand

EE  → 
Op  → 

| E  Op  E | 
| | *  | /

int
+ -

( )



Derivations

A sequence of steps where 
nonterminals are replaced by the 
right-hand side of a production is 
called a derivation.
If string α derives string ω, we 
write α ⇒* ω.
In the example on the left, we see 
E ⇒* int * (int + int).



The Language of a Grammar

If G is  a  CF G w ith  a lp h a b e t  Σ  a n d  s t a r t
sym b ol S, t h e n  t h e  language of G  is  t h e  
s e t

ℒ(G) =  {  ω  ∈ Σ * |  S ⇒* ω  }  
Th a t  is , ℒ(G) is  t h e  s e t  of s t r in g s  
d e r iva b le  fr om  th e  s t a r t  sym b ol.
N ote : ω  m u s t  b e  in  Σ *, t h e  s e t  of s t r in g s  
m a d e  fr om  t e r m in a ls . S t r in g s  in volvin g  
n on te r m in a ls  a r e n ' t  in  t h e  la n g u a g e .



Context -F r e e  La n g u a g e s

A la n g u a g e  L  is ca lle d  a context -free 
language  (or  CF L) if t h e r e  is  a  CF G G 
s u ch  t h a t  L  =  ℒ(G). Qu e s t ion s :

Wh a t  la n g u a g e s a r e  con t e xt -fr e e ?
H ow  a r e  con t e xt -fr e e  a n d  r e g u la r  la n g u a g e s  
r e la t e d ?



From Regexes to CFGs

CF Gs  con s is t  p u r e ly of p r od u c t ion  r u le s  
of t h e  for m  A  → ω . 

Th e y d o n ot  h a ve  t h e  
r e g u la r  e xp r e s s ion  op e r a tor s  * or  ∪. 

H ow e ve r, w e  ca n  con ve r t  r e g u la r  
e xp r e s s ion s  t o  CF Gs  a s  follow s :

S → a*b
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CF Gs  con s is t  p u r e ly of p r od u c t ion  r u le s 
of t h e  for m  A  → ω . Th e y d o n ot  h a ve  t h e
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From Regexes to CFGs
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From Regexes to CFGs
F Gs  con s is t  p u r e ly of p r od u c t ion  r u le s  
f t h e  for m  A  → ω . 

h e y d o n ot  h a ve  t h e  r e g u la r  e xp r e s s ion  

p e r a tor s  * or  ∪. H ow e ve r, w e  ca n con ve r t  

e g u la r  e xp r e s s ion s  t o  CF Gs  a s  follow s :
S → aX 

b  | CX → 

C → C c | ε



Regular Languages and CFLs

Theorem : Eve r y r e g u la r la n g u a g e  
iscon te xt -fr e e .

Proof Idea:  Use  t h e  con s t r u c t ion  fr om  
th e  p r e viou s  s lid e s  t o  con ve r t  a  r e g u la r  
e xp r e s s ion  for  L  in to  a  CF G for  L . ■  

Problem Set Exercise:  In s t e a d , sh ow  
h ow  to  con ve r t  a  DFA/N FA in to  a  CF G.
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bv

The Language of a Grammar

(G) =  {  n |  n  ∈ ℕ  }

Con s id e r th e  follow in g  CF G G:
S → aSb  |  ε

Wh a t  s t r in g s  ca n  t h is  g e n e r a t e ?

An b
a a a a b b b b
ℒ



Regular 
Languages CFLs

All Languages



Why the Extra Power?

Wh y d o CF Gs h a ve m or e  p ow e r  t h a n  
r e g u la r  e xp r e s s ion s ?

Intuition:  De r iva t ion s  of s t r in g s  h a ve  
u n b ou n d e d  “m e m or y.”S → aSb  |  ε
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